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NATIONALADVISOHYcQMmm?EEFOR AERONAUTICS

TEC~CAL NOTE 4291

AN EVALUATION UP’EIWECTS OF~ONWIW STRAINS

INROUGHAIRFORALARGESWEPl%WINGAIRPIMEBYMEMNS

OF ~ DHZRMRWD FRJZQUENCY-RESPONSE

FUNC~ONS WITH AN ASS=SMENT OF MNDCM-I?ROCESS

TECHNIQUES EMPwYED

Power spectral methods of analysis -
urements of the strati responses of a large

b rough air tn order to determine the effects
on the strain responses. Power spectra and

mdMw T. Meadows

applied to flight test meas-
swept-wing lmmber airplane in
of airplme structural dynamics
frequency-response fimctions of

the strain respofies are determln-~ and cmqpared with the-estimated results
4 for a quasi-static reference airplane condition. !l%eresults obta~

indicate that the Mnding and shear strati responses are significantly
amplified in rough air because of the effect of structurs2 dynedcs by an
amunt that varies from 10 to 20 percent at the mot to about 100 percent
at the midspan station. - amplifications appear to
high-altitude tests than for the low-altitude tests.
of strains appear to be predminmtly associated with
the first wing-bending mode, slthough at the outboti
uMr3y for the shear strains significant effects also
high-freq~ structural males.

The determhation of aqlane frequency-response
responses to atmospheric turbulence from Easureme nts

be krger for the
The emplifications
the excitation of
stations d parti.c-
are btroduced ~

functions for
illconwl’llous

rough air involves a relativdy new application of random-process tech-
niques. The results obtained appe~ to be stiJect to errors from a wide
number of sources which give rise to distortions and sampling errors.
A general analysis of the reliabili~ of such frequency-~ sponse function
estimates Is presented.and methods of esttiting the distortions and
sampling errors are demloped. These mthods are applied to the data in
order to establish the reliability of the present results. The results
indicate that wl.thdue precaution reliable estimates of frequency-response
functions can be obtained.
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INTRODUCTION
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.

The effects of airplane flexibility on
tuzal strains due to rough air are of maJor

the airplane loads and struc-
concern in the design of manY

mdern airplanes. This 6ubject has been-under continual study &ring at-
least the past decade, and many useful results have been obtained both in
e~erbental and analytical studies. For the case of large unswept-wing
airplanes in subsonic flight, expe-tal studies (refs. 1 to 3) have

indicated that the effects of flexibility could give rise to substantial
emplifications in the strains in rough aar. Za addition, analytic studies
based on power spectral techniques incorporating relatively simple aero-
elxmtic saalysls involving one or two symmetrical wing-bending modes have
yielded good correlation with the fllght+est results. (See refs. k
and 5.)

With the increase of speeds into the high subsonic and supersonic
regions and the associated introduction of new plan forms, particularly
swept wings, the problems of aeroelastic response become both more @por-
tant and nmre complex. For these airplanes, static aeroelastic deform-
ationsgive rise to significant changes in the airplame aerodynamics and
stability. In addition, the dynmic aeroelastic behavior may be ~ected
to involve Sigrlificantaemdynamic twist due to bending.

As a part of the investigation of the aeroel.asticbehavior of swept
wings in rough air, a flight investigation involving a large flexible
swept-wing airplane was recent~ undertaken. The initial.results obtained
on the overall effects of wing flexibility on the strains as measured by
the root-mean-sqme strain values and counts of peak strains have been
presented in references 6 and 7. In addition, a few initial experhnmklly
determined frequency-response fupctions for the wing-bending strain
responses are given in reference 8. Thepresent paper extends the results
of references 6 to 8 and presents a more comprehensive treatment of the
flight-test results in regard to the effects of aeroelastici~ on the
structural strains in rough air.

One of the objectives of the present aqslysis is the evaluation of
the effects of airplane flegibility on the whg strain responses to VW+
tical gusts. For this purpose, power spectra of the measured strain
responses at various spanwise stations sre determined and coqered with
the estimated strain power spectn for a quasi-static reference airplane
condition. Eowever, the measured power spectra appear to be subject to
errors arising tim the effects of extraneous “noises” such as strain
responses due to side gusts and the effects of reading errors. Therefore,
the test measurements were also used in order to determine the frequency-
response functions
frequency-response
response functions

for the strain respmses.to vertical gusts. W-se -
functions are also compared with the strain freq..ncy-
for a quasi-static reference condition in order to

.<

b
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establish the effects of the dynemic flexibility on the stra~ in a more
reliable manner. M frequency-response functions a- to be less sen-
siti~ to the effects of noise, to describe the response characteristics
of the airplane independently of the gust input, and also to have a num-
ber of other applications; they my be directly compared with the results
of analytic calculations and thus serve as a guide to the reliabilt~ of
such calculations; and they ~ be used for computing responses to arbi-
trsry gust inputs of a specified or random nature.

A second obJective of the present pa~r is to present a general
-Is of the reliabili~ of power spectra and frequency-response
estimates obtained by randm-process techniques, particularly as these
are affected by noises. These results have general application to gust
response problems as well as other aeronautical problems. lhey are also
specifically applied to the titerpretation of the results obtained in
the smalysis of the present test data.

me present paper is presented in two parts. In the first part
random-process techniques exe applied to the flight-test data in order
b determine the various power spectra and frequency-response functions.

8 The second pert is devoted to the reliability of the techniques and pre-
sents a general analysis of the effects of various @pes of noises on
the measured power spectra end the frequency-response functions. The

d results obtained are applied to the flight-test data to assess the reli-
ability of the power spectra and the frequency-response functions obtained.

%

b

C( )

E

El

E2

EI

f

normal acceleration, g units or ft/sec2

airplsne spell,ft

co-power spectrum

mean aerodymmic chord

percent sampling error in amplitude of frequency-response
f%nction

sempling error in phase of frequency-response function

bending stlffhess

frequency, cps

A.
w“
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F(u) frequency-response function

g acceleration due to gravtty

GJ torsional stiffness

H( ) frequency-response function
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of prewhitening operation

%( ) estimate of frequency-response function obtained by cross-
spectmm method

%( ) esthate of frequency-response fjzgctionobtained by spectrum
method -,

h,i,k,m,

}
indices

wj q

2

L

m

n

n(t)

q(a)
.

RX(T)

Rx.(T)

%

R[ ]

t

T

At

v

distance from center of grati~ of airplane to
vane, ft

scale of turbulence, ft

angle-of-attack
—

s

noise signal

quadrature spectrum

auto-conelatlon function

cross-correlation function .-..

v

.

—

number of lags used in calculations for auto- or cross-
correlation function

number of observations in sample of tine series

designates sum of lagged products used to estimate auto- or
cross-correlation function

designates real part of term in brackets

time, sec ---- —..

specified time, sec — L.. L.

time ticrement between successive readings of time history, sec

airspeed, ft/sec

v

—

.—

--

d
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u

‘a airplane vertical velocity, f%/sec

d
Wg)w vertical gust velocity, ft~sec

W(t,y) gust velocity field experienced by airplane as a function
of t5me and airplane span position

x -bitz%u’y Input disturbance

z =bitzw?y response

% vane-hdicated angle

#( ) coherency ~tion

T’( ),7J ) span attenuation

5 trace deflection

of attack, radians

factors

b

E strain indication, in./tn.

M Eo strain indication -r g as msasured in slow pull-ups

8 pitch

6 pitch

‘4 phase

% power

angle, radians

velociiw, radians/see

angle by which response lags input disturbance

spectral densi~ function

0Xz cross-spectrum density function

u root-man-s qusre deviation

‘e root-mean-square reading error
.. \

T time lag, sec

u) frequency, radians/see

5

. . .. .
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Subscripts:

c calculated ~

s calculated by

o Initkl value

F front spar

R rear spar

NACA TN4291

Cross-spectrlmlmethod

spectrum method .

at tim5 O

.-

A bar over a SYUM1 denotes a mean value. Prewhitened data is indi-
cated by A over a @mbol. - complex conJugate is indicated by an
asterisk and a quantity contaminated by noise is indicated by a primed
symbol. The absolute value of a complex quantity is Indicated IZY I I.

1. D~~OIT OF FREQUENCY-RESPONSE FUN%IONS FOR

STRAIN RESPONSE TO VERllZCMLGUSTS

A~, ~TRUMEMMTION, AND TESTS

The airplane used in the Investigation was a B-47A six-engine jet
bomber. For the present tests, an airspeed measuring boom, a fairing
on the fuselage nose, and an external C- nmunted atop the fuselage
to house an optigraph were addti to the airplane. A photograph of the
airplane is shown In figure 1, and a three-view drawing of the aiz@ane
is given in figure 2. The tistrum=ntation-yrtinent to this report is
shown in fIgure 2. The locations of the strati gages are Indicated In
inches from the airplane center Mne as ~_sured perpendicular to the

u

.

..
airstream. Some of-the airplane characte@stics pertinent to the present .
investigation are given in table 1. The estimated wing and ftwelage
weight distributions applicable to the tests are shown in figure 3. All.

—

the fuel load is carried in three Min end two auxlli~ tanks located
within the fuselage. The estimated spanwise torsional and bending stiff-
ness distributions are given in figure 4.

The Instrumentation included an NACA air-dmped recozdlng acceler-
ometer mounted near the center of gravity to measure norml accelemtdon.
Electrical tire-resistance strati gages were Installed on the front and
rear spars at five spanwise locations (fig. 2) In order to obtain a meas-
ure of the local wing shear and bending stiralns. The Strain gages were
not calibrated against lmown loads, and the st=in-gage outputs are used
herein only as local strain indications. The strain-gage outputs were
recorded on multichannel oscillographs. A stan~d NACA pitch-attitude _ .~ .

w
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recorder and a magnetically damped NACA turnmeter were installed near
the center of gravl@ in order to record the p..itchangle and pitching
velocity, respectively. A IUaSS -bdRllCed IMYtd fbW = -S lIB3UUtedOn
the nose boom to masure the angle of attack of the airplane for use in
determmn the gust velocities.

Additional instrumentation ~luded a standard NACA airspeed-altitude
recorder, a stagnation temperature recorder, and a statoscope. The stato-
scope, which is a sensitive pressure alt~ter, was used, as will be dis-
cussed later, to check the vertical velocity of the airplane obtained lTY
integrating the acceleration record. Control-position recorders were used
to measure the aileron, rudder, and elevator displacements. The control-
position records were used to nnitor the fMght records h order to
ineure that control movements by the pilot did not significantly affect
the flight measurements during the test flights in rough air. A
16-mill~ter motion-picture c~ra was used to photograph the fuel
gages at 2-second intervals, and these record-s were used in deter-
mining the weight of the airplane during the flight tests, A O.l-second
chronometric timer was used to synchronize all the records. The natural
frequencies, damp-, sensitltities, and film speeds of the various
In&mmnts and recorders are given in table II.

The data were obtained during level flight in clear air turbulence
at two altitudes (approximately 5,000 feet and 35,000feet). !lhelength
of the record samples, the ~h nuniber,wei@t, and center-of-gravity
position for the two test runs are summarized in the following table:

&

Len@h of
Altitude, record Mach Weight, Center-of-gravity

ft ssnrple, number lb position,
percent 5

5,000 4.0 0.63 n3,000 20.0
35J~ 1.5 .64 U2, Ooo 20.3

The test weights are low weight conditions for the airplane and do not
represent as severe a gust loed condition as a heavier weight. The
piloting techniques used involved slow control movements to correct for
@or deviations from the prescribed altitude and heading; minor detia-
tlons were not corrected for ~ the pilot. This control procedure
approximates an elevator-fixed condition inasmch as the power-boost
control system used on the test airplane causes the~control surfaces
to be essentisMy fixed except for pilot-controlled inputs.
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FurwIToNs

.

One of the basic aims in the present analysis of the data was to
derive estimates of the airplane strain response characteristics in
_ air as clef= ~ the f=q~ncy-~smnse -tio~~ - n=ttiti .
m known for the detemlnation of the airplme frequency-response func-
tions from messurments of the responses to _ smd continuous dis-
turbances. These twu methods will be referred to as the spectrum and
the cross-spectrum methods. In the present investigation, both methods
are used. The spectrum and cross-spectrum mettis are briefly outlined
ti the mati features of each method are indicated in the following
paragraphs.

The spectrum method for the determination of frequency-response
functions is based ~n the relation between the power spectrum of the
response Oz(u) of a linear system and of the disturbance @x(@). (See

ref. 9.) Mom this relation, the amplitude squared of the frequency-
response function is given ~

II%()12
#z(u)

m
‘m

*

(1)
v

where

pfs(q2

o=(u))

#x(u))

amplitude squared of freqmncy-response function determined
~ spectrum method

power spectrum of airplane response

power spectrum of disturbance or gust input

.

.

The application of this method simply requires the determhation of the
-r swctrm of the response @z(u) and the power spectrum of the

gust input @.Jm). One olwlous Nmitation of the spectrum method is

that no information on the phase relationship between the input and
output responses is obtained. Phase information is frequently required
in studies involving multiple disturbances and is also required for the
determination of responses to arbitrary disturbances.

The cross-spectrum ~thod is based upon the relationship for line=
systems between the power spectzwm Ox(u) of a random input disturbance

md the cross-spectrum ~z (m) between the input disturbance and the .

system response to the disturbance (ref. 9). JIromthis relationship, ●
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the frequency-response function is given lW the following expression:

(2)

where

Oxz(tD) cross spectrum between disturbance input d airplane response

%(QJ freqzency-response fhctlon determhed ~ cross-spectrum method

Eoth the ~litude and the phase of the frequency-response function

~(u) =e obtained since &z is, in genezd-, coqplex.

me spectrum emd cross-spectrum methods should yl.eldidentical
results for tb amplitudes of the freq~ncy-response functions if very
long period measuremmts are available and no extmneous noises are

. nts. In nmst practical applications, the avall-present ti the mea~
able messurements win be limlted end significant noise sources will be
present. These two factors can seriously affect the reliablli~ of the-u
results obtained with both methods, each to dtfferent extents. b the
present ap@ications, noise arises from several sources, such as instru-
ment inaccuracies, reading errors, the effects of other turbulence com-
ponents on the airplane responses, and the effects of spawise variations
in the turbulence. The errors Introduced ~ these @pes of noises appe~
to be large enough to warrant detailed consideration. The second part of
this paper is, h fact, devoted to these problems end presents an analysis
of the errors arising from these sources.

EVALUATION OF DATA AND RESULTS

The data-reduction procedures used involved the following steps:

(a) Evaluation of the t- histories of the pertinent measurements.
(The measur-nts included the ~nding and shear stratis at the”various
stations, related measurements of airplane acceleration, as well as the
quantities”required for the determination of the tti history of verti-
cal gust wlocity. )

(b) Evaluation of the ~wer spectra and cross-spectra for the vari-
ous quantities.
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(c) Determination

The procedures used in
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of the frequency-response functions.

each of these steps will be discussed in order.

Evaluation of Tim Hlstorles

Strains.- As an indication of the general characteristics of the
recofi~ined during flight In rough air, short sections of the time
hlstorles of the wing bending strains, shear strains, and acceleration
at the”oenter of gravi~ for the low-altitude tests are shown in fig-
Ure 59 For cmparison with these responses, the time history of verti-
cal gust velocity is also shown in the fi~j the method used in deter-
mining this the history is discussed in detail subsequently.

Evaluation of the strain records consisted of reading the deflec-
tion of each of the strain time histories at 0.05-second intervals.
This choice was based on sampling considerations as discussed ti refer-
ence 9 and on the fact that the records indicate little power at fre-
quencies above 10 cycles per second. The deflections read from the
strain tinw histories were processed on automatic digital computers to
obtain the incremental strain indication from the relation:

e 8_ -~
ac

where

(3)

E .ticrementalstrain indication --

5 trace deflection from

i mem trace deflection

5C trace deflection from

reference, in.

from reference, in.

reference due to known voltage (used
to compensate for minor voltage fluctuations between the
various gages)

Quasi-static reference condltlon.- ti order to obtdn a measure of
the effects of structural flexibility on the strains at the verioue sta-
tions, a set of quasi-static reference strain histories is desirable for
comparison,_@th the actual measured stmins.. .Unf@tunately, airplane
fl.lghttests cannot provide ~ direct basis for obtatiing such static
strains. An indirect method of establishing a set of quasi-static ref.
erence strains from the flight-test data which has frequently been found
use~ in previous studies (for example, refs. 5 x 6) is used in tti

.

v
.-

-,

—
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●

present analysis. mEI ~tm involves two steps: (a) determination
of the aem@mmic loads applied to the airplane, and (b) conversion of

. these loads to strains for a quasi-static airplem. Ebr step (a), use
is made of the airplane center-of-gratity accele=tions. ~ reference 6,
it was indicated that for this airplme the airplane acceleration (as
determined by averaging the local accelerations over the airplane mass)
can be cksely approxtited if the effects of the vibrations associated
with the higher frequcies (above 2 cps) are remved from the center-
of-gravity acceleration measurements. This ob$ecti= was accomplished
by a visual fairlng of the record and is roughly equivalent to the appli-
cation of a low-pass filter with a cutoff at about 2 cps. This faired
center-of-gravity acceleration was then used to protide a direct masure
of the airplane loading. For step (b), these loads were converted to
strains by using the strains per unit load (per g) as measured in slow
--UP ~~=rs at.the S- speed - altitude. The values of strains
per g used were reported in references 6 emd 7 and era given in table III.
(This procedure essentially neglects the interaction between the dynamic
airplane vibrations and the aerodynamic forces and assumes that the span
load distribution and the ~ and tail.contributions in gusts are the
same as in pull-ups.) The strain measurem nts obtained on this basis -

● lx viewed as an approximtlon to the strains that would be obtained for
a pseudo-static airplane, that is, en airplane restrained from dynsmic
vibration. Consequtly, cqison of the strains obtained on this

w basis with the measured strains in rough air provides a measure of the
effects of airplane dynsmic flexibill~.

Normalization procedure.- In order to facilitate comparisons between
the strain measurements at the various stations and the strain for the
quasi-static reference cotiition, all strain =asurem nts were nommlized
by using the strain values per unit load as measured in pull-ups for the
various stations. The normalized measurements are defined as follows:

(4)

where 60 is

tions in slow

the strain indication per g ~ measured at the various sta-

PUU-WS at the same speed and dynamic pressure. The nor-
malized values-of st~ain indication -ea ~ &us be ‘tiewedas having the

same units M acceleration, that is, feet per second Wr second. The
results for the various power spectra and frequency-response functions
of the strain measurements will be presented in this form. This form of
presentation has the special merit of permitting the use of a single
quasi-static reference strain spectrum or freqmncy-response function for
direct comparison with the strain responses at the various stations; it
thus also perdts direct comparison of the relative effects of flexibility

. on the strains for the various stations.

9
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.
vertical-~Bt Velocity.- The =thod used to determine the vertical- -

. gust velocity is essentially that given in reference 10 and is based on ..
flow-direction vane messuremnts and involves correcticms for airplane “
mtions . The method of reference 10 relates the vertical-gust velocity
to the vane-indicated angle of attack - airplane motions ~ the fol-
X equation:

wg=v~- ve+wa+zd

where

‘6 vertical-gust velocity, ft/Bec

(5) —

—

v airplane forward speed, ft/sec

% vane-indicated angle of attack, radlsns

e pitch angle, radians
●

Wa airplane vertical velocity, ft/sec (The sign convention of Wa

is positive upward and is opposite to that used in ref. 10) v

6 pitching velocity, radisns/sec .

z distance from angle-of-attack vane to center of gravity of
airplane, ft

Equation (5) is based on the following assumptions:

(1) AU disturbances are small.

(2) Eending of the boom which supports the -e is negligible.

(3) me effects of variations In -h on the vane-indicated
angle of attack are negligible. _- ..-

In the application of equation (5), a number of problems are
encountered. The pitch-attitude measuramnts, as is frequently the
case, contained a slow rate of drift. It was therefo~ decided @
determine 0 ~ Integration of measurementts of pitch veloci~ e. h
addition, Wa was not measured directly but was determined by integra-

tion of the center-of-gravitynormal acceleration measurements. All
=asum=nts were read as increments from the mean values for the whole
record. With these modifications, the actual evaluation procedures are
given by: #
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()wo+z6- 6 (6)

Values of the pitching vel.oci~ 6 and the acceleration ~ were

read at O.O>second intervals end the vane;t+cated angle of attack +
at Ol-second intervals. The quantities e - 6emd~-& were then

numerically integrated ~ use of the trapezoidal rule. (As discussed b
ref. U., this method of Integration attenuates the higher frequencies;
the amount of attenuation in the tite~ted results Increases with
increasing frequency. Ih the present case, where the integrations were
performed ~ using O.05-second-intervalreadings, the attenuation is
negligible at the lower.frequencies, about 5 percent at a frequency of
2.5 cps, and 20 percent at a frequency of 5 cps.) The initial value of
the vertical velocity of the airplane w. ma estimated f- t~ slope

b of the pressure altitude record taken with the statoscope. AP a check
on the Integm.tions, the acceleration ~(t) was integrated twice and
compared with the altitude trace taken with the statoscope. The initial

a incremental value of the pitch angle e. could not be accurately deter-
mined and the tem was therefore omitted In the computations. This
mission has a negligible effeet on the calculated puwer spectra of the
gust vel.oci~.

!Ihetime hlstcuy of the vertical-gust velocl~ for the 4-minute
test flight at 5,000 feet was determined at tbe intervals of O.1 second.
For the high-altitude tests, large-amplitude high-frequency osciJJations
of the vane-indicated angle of attack were present. The poor ~i~ of
the vane record for these high-altitude tests is apparently the result
of the decrease in aerodynmic damping of the vme at high altitude.
Reliable gust-veloci@ meas~ nts could not be obtained for these data
and thus no use will be made of the gust data for the high-altitude run.
As a consequence, frequency-res~nse functions could not be determined
for this case.

Power Spectra and Cross-Spectra Determinations

Power spectra.- The procedures used in the determination of the
power spectra and cross-spectra are essentially the same as those out-
lined in reference 9. The power spectrum of a disturbance x(t) is
defined by
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.

where %(T)

The numerical
Xl, . ..Xn
evenly spaced

is the

r($+)) =: ~ ~(T)COS UT dT

autocorrelatlon function defined by

RJT) = mu +
T~M

procedures used for

J’
T/2

x(t) X(t+T) dt
-T/2 .

n eq@lJy Spaced readings
involve the estimation of values of RX(T) for m+
values of T from O to m At by

r~=_&n ‘qxwP (p= 0,1, . ..m)

q=l

First raw estimates of the power are obtained by

m
2At

~%%l=y % Cos!% (h= O,. ..m)

p=o

where

‘%=1 (O<p

(7)
.

(8)

1

(9)

(lo)

...

< m)

‘%=; -. (p=o, nl), , =

Final or smoothed esttites of the power are then obtained by

lL
)

oo=$k+~l

%=*%-l +*%+&h+l (l<h <m-l) #

‘m=*%-l+ ;%l
J

(n)
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As discussed h reference

. over the frequency range

9, these estimates
JZ *L.
mAt m At

15

m averages of the power

Tn the actual reduction of the data, the time-hlstozy data for the
low-aititude tests were first divided inio two segments, desi~ted
hereaf%er as ssqples 1 and 2 and covering the first and second 2 minutes
of flight in rough air, respectively, in order to have a check on the
consistency of the results. Power spectra were then obtained of the
measured accelerations ~ and the incremental st~in indications ~a
for kath san@es 1 and 2 of the low-altitude data. For the high-altitude
data, no such division was used owing to the short sample avatlable. Ihe
power spectra were determined from O.05-second-tite* readings (M = 0.05)
and foravs3ueof m= 60. ~ c~titions thus yie~ed 61 power esti-
mates uniformly spaced over the frequency ~ of O to 10 cps. This fre-
quency range appears to be sufficient to cover all the pr&minant fre-
quencies present in the various responses.

As an illustration of the consistency of the data, the power spectra
of ~ for samples 1 and 2 of the low-altitude tests ae plotted in fig-

ure 6. ~ root-mean-square values of acce~ration a are also shown
in figure 6. Except for a difference in intensity, the two spectra are
very similar. A cmpsrison of the power spectra of ~ for the tests

at 5,000 feet and 35,000 feet altitude is given h figure 7.

me power spectra of the strains ~ for the front and rem? spars

at various spsmwise stations and at the two altitudes are given in fig-
ures 8 and 9 for the bending and shear strains, respectively. (-
results O(f) presented in figures 8 and 9 exe in terms of the fre-
quency srgmnent f, where @(f) = 2@D) .) The strain spectra shown ez-e
for sample 1 inasmuch as the’clifferences between the spectra for the two
samples were, in all cases, small and simik to the difference between
the power spectra of ~ for samples 1 md 2 shown in figure 6. In
each case, the power spectrm of the airplane acceleration (falred
center-of-gmvit y acceleration) is shown as the quasi-static reference.

Prewhitenillgof vertical-gust Veloci&.- Ihasmuch as the power spectra
of gust velocity were ~cted to ha= a large peak in power at the luw
frequencies (based on examination of the gust time history and previously
obtained gust spectra), the gust t- history was filtered or prewhitened
(see ref. 9) to minimize the possible distortion of the power spectra
from diffusion of power from the low frequency end to the high frequencies-.
h order to reduce the relative power at the low frequcies, a high pass
digital filter was applied to the time histo~ data of vertical-gust
velocity Wg . The fflter used is deffied by
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,

tg(t) = Wg(t) ““-Wg(t-zrb)

where

%

At

This
plication

Thus, the

●

(12)
.

prewhltened gust velocity

time interval between successive values Or Wg (0.1 second
for present application)

linear operation In the time plane corresponds to the multi-
in the.frequency plane ~ the function

F(u) = 1 - e-u (13)

~ourier transforms of ~g(t) and wg(t) (denotedby fig(u)

;g(u))=

The operation involves both an
tlon between the power spect~

o+) =

and

the

the
the

(i- )e-tit Wg(m)

amplification * phase
w(t) isof- w(t) and

@@)

lF((n)12

@w(u))= ~
@@j

-2cosmAt

(14)

Shift. The rela-
then given by

●

u

must be applied to the power spectrum of

desired spectrum Ow(u).

~;(u) in order to recover

The power spectra of vertical gust velocity for the two parts of
low-altitude test run are shown in figure 10 as a further check m _
consistency of the results.

Cross-spectra.- The
the various airolane.A—..

eral procedures outlined
disturbance x(t) and a

cross-spectra between the vertical-gust velocity
responses were also determined ~ using the gen-
in reference 9. ~ Cross-spectrum between a
response z(t) is deftied by
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where ~z(T) is
and q(m) is the

(16)
J’~(a) =+ : ~(T)e-MdT

ox=(a) = c(m) - iq(a)
1

the cross-correlation function; c(a) is the COSpeCt_j

quadrature spectrum. These terms sm deflnedby

J’
T/2

~z(T) ‘ ~ym *
x(t) ‘z(t+T)it

-T/2
(17)

J’
co

c(m) = ;

o

J
m

q(u) = #
o

%(T) +%Z(-T) cosmdT

2
(18)

AZ(T) ‘~z(-T)

2
sin m dT (19)

The numerical procedures used involnd the dete~ti~ of &z(T) at
equally spaced values of T frcunthe n eqyaUy
xl) . . ● ~ UY the relation.~andz~)**.

n-p

RP=L I
Xqzq+p (P = -m, -(m

n-p
q=l

spaced readings

-1), . ..m) (m)

Cospectrum and quadrature spectrum estimates ue then obtained by

ch=~ : ~(~+R-p)cOs~ (h= 0,1, . ..m) (21)

P=o
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The smothing operation given
applied to the cross-spectrum

tide esthates of the average

(p = O, m)

%“ =1 (P # 0, m)

~ eqution (U) for the spectm is also
estimmtes. The final esti.mtes also pro-

hYt*power over the frequency range ~ *.

In the application of these relations to the p~sent data, the pre-
whitened time history of the gust veloci~ was used. The compensation
for this prewhitening thus requires that estimates of the cross-spectrum
be divided by F(-u) (from eq. (13)) in order to obtain the appropriate
results. l%us, the desired cross-spectrum @W(a) is obtained from the

cross-spectrum Otz(u)) based on the prewhit~ed gust t- history by

the relation

~fz(fJ))
Oxz(m) =

1 - elmht

Frequency-RespoWe Ftu@ions — ..

The results obtained from the foregoing procedures for the required
power spectm and cwss-spectra may be used in equations (1) and (2) to
obtain estimates of the frequency-response functions. In terms of the
qutities defined in equtions (U), (21), and (22), these relations
becom

(24)

.
—

the phase lag ~(m) of the response being given by
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(26)

where 0)== andh=O, l,. ..m. These estimates sre, of course,
mAt

for the average over the respective band widths as was the case for the
individual powar spectra and cross-spectra.

F’zqpency-response functions of the center-of-gravity acceleration
and of,the wing strains at the different stations were calculated ~
both the spectrum and cross-spectrum methods for the low-altitude tests.
As an illustration of the difference between the frequency-response
functions obtained by the two mthods, the two :frequency-responsefunc-
tions for the center-of-gravi@ acceleration are given in figure U(a).
The reasons for the observed differences are cn@med in tha second part
of this paper and will be discussed in detail therein.

h general, the analysis of the second part of this paper Mcates
that the cross-spectrum estimates ere less stiJect to systematic errors

●
or distortions arising from a varie~ of noise sources. In addition,
only the cross-spectrum methods pravide phase information. For these
reasons, only the results obtained by the cross-spectrum met- =e pre-

● sented. Figmes U and 13 present the fre~ncy-response functtons
obtained for the bending and she= strain responses at the various sta-
tions ● These results form the principal results of the present investi-
gation. The frequency-response function for the falred center-of-gravity
acceleration, which, as Indicated earlier, Is used to represent a refer-
ence quasi-static airplane condition, is -o given In each case for
comparison.

ksmuch as the gust veloclty was only determined at time increments
At of 0.1 second, the cross-spectra and frequency-response functions were
based on the O.l-second time interval readings and 61 estimates (m = 60)
were obtained for the frequency region of O to 5 cycles per second. As a
consequence, there is some distortion arising from power present above
~ cycles per second due to “foldover” effects. (See ref. 9.) These dfa-
tortIons are, however, generalJy negligible below 2 cycles per second and
are small between 2 to 3 cycles per second. Also, the analysis of part II
Indicates that the results at the higher frequencies, above 3 cycles per
second, are too unreliable for use. Accordingly, the results shown in
fIgures 12 and 13 are restricted to the frequency region of O to 3 .cps.
For this frequency region, the present results tend to underestimate the
true values by an smount that increases with frequency from about 5 per-
cent at 0.3 cps to values in excess of ~ percent above 2 cps.

.

The frequency-response functions
based only on calculations for saqle.

.

shown In figures 12 and 13 are
1 in order to reduce the calculation
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.

burd&n. ‘-”Ina f+ casei, the frequency-res&i8e f&ct@ont3 were also deter- -
mined for sample”2 i“norder to check t~ ,conslstencyof ,theresults. .Fig-
ure 14 shows a ccmpirison of the results o%tained ,for the k samples by -
the cross-spectrummethod for the case of ,thenormal accelerating response.
The results are seen to be in g~d .~~rit, as might be ~cted frwn
the sampl~” tfioi”y’“consi&rations of part..II. Equivalent consistent
results-were also obtained for several of “thestrain responses and thus
this reduction”in calculation time was justified.

EFFECTS OF AIRKAME ~TY ONm STRUCTURALSTRAINS

Power Spectra of Strains

~tion of the power spectra of bending strains (fig. 8) for
the low-altitude tests indicates that almst all the strain power is
concentrated at frequencies below about 2 cps for both the front and
rear spars. b this frequency region, the puwer appears tm & concen-
trated in three principal lobes or peaks: a power peak close to zero
frequency, a second peak at O.~ cps, and a third large peak at 1.5 cps.

b

The very low freqmncy power peak is largely confined to the outboard
stations and appears to be a reflecticm of the airplane rolling response
to side gusts, aileron control motions, and asymmetries across the

●

airplane span in the vertical gusts. Tbls peak thus has no relation to
airplane flexlbili@ effects. !lhesecond power peak at 0.5 cps is asso-
ciated with the airplane short-period mde ad is of relatively unifozm
mgnitude at the several stations. The small variations In the mgnitude
of this peak are, to a large degree, probably associated with minor inac-
curacies in the strain per g values of table III obtained from the pull-up
maneuvers. The power peak at 1.5 cps is a ‘reflectionof the airplane first
bending mode. At the inboafi station, this peak is not as pronounced as
is the short-period power peak. -ver, at the midspan stations, the
magnitude of this first bending peak increases by a large amount and prO-
vides the m~ or contribution to the strains at these stations.

Co_ison of the power spectra of the strains a% the various sta-
tions tith the reference power spectrum indicates that the effects of
flexibili~ are ptilncipallyreflected in large amplifIcations of the
stmin responses In the frequency region of.the.fur@mental wing-bending
mde. At frequencies above 2 cps, there is,.some reflection of the,effects
of hi@eti siirictuialmales, paM:c@.arly at the”Wtboti stations where a

. mderate power pem at k.5 cps can be.disce~~ed;~,@ere appesm to be
little clifference between the pqer s~c@a of kq@ng strain for the
frent,and rear spar.

h order to obtain a ~simpleoveralJ measure of the effects of dynamic .
flexibiM~ on the strains, the root-mean-square values for the varioqe
xr spect~ ~re detead -d are shown in fi@re” 8. ~r this pU-
poge, the power in the peaks of the spectra for the outboard stations at P

.



.
q low freq?zency(below 0.3 dps) was not used inasmuch‘as this power
appears to be associated with the airplane kteral response motions and

. has no bearing on elastic response characteristics. The root-mean-squ&e
values,=e se_- to-be--lowestfor the root station and increaae to about
twtce this value for the niidspanstation.” -m these values with
the root-mean-sq~ values for the reference condition indicates that
the overall mplif Ication In root-mean-square strati arising from elastic
effects Is about 10 percent at the root and Increases to almut 100 per-
cent at the mlds~ stations.

- power spectra for the strains for the Mgh altitudes.(f~- Mb))
show mch the same general characteristics as tlmse obsermd for the
low-altitude data. Two observations are wwth noting for the high-
altltude data: first, the indication that the ~ak in strain power
associated with the f tist bending mode at a freqgency of 1.5 is much
nmre pronounced in this case than in the case of the law-altitude data.
This condition indicates that the dynsmic amplification associated with
flexibili~ iS nmre promunced at the higher altitudes as a consequence
of tbe lower aerodynamic damping associated with the reduced dynamic
pressure. A second point of interest is the cle~ reflection of a sharp

● peak ti the qusi-static reference power spectrum. This peak is a
reflection of the Increased effect of the first flexlble mode on the
center-of-gravi@ accelerations at the high altitudes. As a consequence,

D this spectrum is not as well suited for a quasi-static referace condi-
tion for deteminln g dynamic amplifications as was the case for the low-
altitude tests.

The root-mean-square strain tiues for the various spectra are also
shown for the high-altitude results. Compsr@ the values for the vari-
ous stations with the root-mean-s_ value for the qpasi-static refer-
ence condition indicates that the overall strati ar@ification szising
from structural dynamics is about ~ percent at the root station and
increases to about 100 percent at the midspan station.

Thepower.spectra of the sheer etralns of figure 9 show much the
same general characteristics as the bending strains. A number of dif-
ferences are, however, wm%h noting. l!lrst,the effects of the rollinn
nmtions on the strain peak close to zero frequency seem more pronounced
In the case of shear strains than was the case for the ~ndlng strains.
M addition, the effects of the higher structural modes are also mre
evident with indications of mhor strain peaks at frequencies of 2.2,
3.2, w k.5 CW. Comparison of the strati records obtained at the
inboard stations on the right and lefi wings Indicates that the struc-
tural males at 2.2 end 4.5 cps are antisy?mnetricmales. A final point
worth noting for the shear strain responses is the large variations
between the power spectra for the front and rear spars at the ~ious
stations. The overallleffects of flexibili~ on the shear strains as

. reflected ~ the root+nean-square strains appe= to follow the same
general pattern noted for the bending strains but disp~ somewhat
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larger strain amplifications and a somewhat less orderly pattern. The --

low6r velue for the root station than for the reference condition is
somewhat unexpected and is believed to be f= pert a result of minor
inaccuracies In the strati per gtiues determined from the pull-up data. -

FYequency-ResponseF’uMtions

The frequency-response functions of f*gures I-2and 13 serve to indi-
cate h a clearer.fashion the overall .effectsof the flexibili~. Con-

—

sideration of the results presented in these figures indicates that the
effects of flexibility show up principally”in a large amplification of
strains in the neighborhood of the first bending mode. As one considers
the various frequency-response functions from the root station.to the
outboard stations, it is clear that the peak associated with the first
flexible mode is smll at the root station but Increases =pidJy toward
the midspan stations. The effects of the first flexible mode appear to

—

k relatively small at the farthest outward station. When the results
obtained for the phase am considered, it appears that at low frequencies
the strain responses are essentially in phase with the airplane accelera-
tion response. However, at frequencies alxwe 1 cps, the strain response
lags the acceleration response by an increasing amount as the frequency .

Increases. Above 2 cps the phase data are sonwhat erratic. lhis
behavior is believed to be In part the effect of the complicated phase
behavior at these.frequencies and the llmited reliability of the results *

at the higher frequencies.

It should be noted that the amplitudes of the frequency-response
functions given in figures M and 13 are to sme de

e
e, contaminated

by systematic errors or distortions resuitingflmmt presence of noise
In the measurements. The analysis given in part II Indicates the sa@i-
tudes are too lowby m amount that varies with frequency, increase slowly
from O percent at O cps to 5 percent at O.~ps, and then increase more
rapidly to about 30 percent at 2 CPS M Z. percent at 3 C@so ~~kts
for these M.stortbns should be made when the p=sent mesults are compared
with results obtained in other investl@tions for this airplane. These
adjustments should also, of course, be used in the calculations of the
responses of the present airplane to other gust disturbances. .—

II. RELIABILITY OF ESTIMATES OF FREQUENCY-RESPONSE

FUNCTIONS OB~ BY RANDCM-PROCESS TECHNIQUES

In part I of -thepresent paper, it was indicated that the frequency-
response function H(u) of a linear system can be estimated from meas-
urements of the response z(t) of the system to a random-input disturb-
ance x(t). For this case, est@ates of the frequency-response function
for the response z(t) to unit sinusoidal @isturbues in x(t) W be
determined by either the spectrum method or.the cross-spectrum method as ._ -

.

given by the follolilngexpressions:
B
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p( )12
o=(m)

u
= ox(a)

ax=(CD)
H+) = —

?@)

where

QX(UMZ(4 puwer spectra of x(t) and z(t), respectlnly

Oxz((J)) cross-spectrum between x(t) and z(t)

23

(2’7)

(28)

Nbte that only the amplitude of the frequency-response function ~ be c
obtained from the spectrum m?thod (eq. (~)) whereas both the amplitude
and phase of the fre~ncy-response function = obtained from the cross-
spectrwn method (eq. (28)). In _ applications of these methods, such “
as those given in t~s paper, the reliabili~ of the spectra and the
frequency-response function estimates appears to depend heavily upon the
extent to which extraneous disturbance factors, which might be termed
noise, are present in the meas~ ts. The purpose of this section is “
to examine the manner in which the estimates obtained by these two
methods are affected by various -es of nofses. The ~es of noises
to be considered Include: (a) random errors In x(t) smd z(t) that
might be introduced by instrument and reading error, (b) effects of
.extraneous disturbances such as other turbulence c~onents on the
response z(t), and (c) effects of spanwise.variations in the turbulence.
~ general, noises of these types have twu principal effects on the
estimates. First, noises introduce systematic errors or distortions in
the estimates, and second, noises give rise to a decrease in the sta-
tistical reliabili~ or an increase in mndom ssa@lng errors. The
effects of the VWMOUS types of noises on these twu types of errors are
first established in a general form. These results are then usd to
establlsh the reliability of the estimates “ofthe frequency-response
functions obtained from the test data.

Coherency Function

In the analysis of the relations between any two random processes
x(t) and z(t), such as the input gust disturb~es and the strain
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@dy, the coqcept of a coherency function

?(.) . ._l&.w
@x(m)@z(@)

(29)

is known to play a central role. (See ref. 12.) The coherency function
may be viewed as a measum of the degree to which two processes are
linearly related. If tm processes - In perfect linear relation, then
the coherency function has a value of uni@ for au frequencies. At the
other extreme, if two processes are linearly independent, then the cross-
spectrum @xZ(u) = O and Mkewlse ~(m) = O. such yncorrelated processes _

are termed incoherent. For two processes which sre only partially linearly
related, as is the case when extraneous noise is present, the cbherency
function will lie.between O and 1, the value depending upon the ratio of
the coherent power of the two processes to the total pwer as given by

-:

equation (29).

The coherency function can also be @ressed in terms of the quan-
W

tlties & and Hs and from eqfitioiw (2’7)to (29).
*

F(.) = .!sq
1%()1a)

(30)

If the coherency function is equal to one, the estimates of the amplitude
obtained @ the two methods will be identical. Ebwever, if the coherency
function is less than one, the estimates of the amplitude of the frequency
response based on the spectrum and cross-spectrum differ. Either one or
both of the estimates my be distorted, the amount of distortion depending
upon the.character of the extraneous noise, as will be seen subsequently.
Thus, the reduction of the coherency function from the perfect mlue of
unity p~~des a dgnger signal that distortions ~ be present in the
estimates. The amount of distortion present, in any given case, depends
upon the character of the noise and whether.it affects the input or out-
put as @J_l be imitated.. The effects .ofVYX@Ue -s of noises are
exsmdned in order to establish their effects on the coherency function
and to establish the associated distortions.

Statistical Reliabili~

!lhe coherency function is also important i.nco~ctiop with the ,
magnitude,of -t@ gampl$~ e~-rs,. ~,~$e~~ce 42, the statiitlcal
reliability of estimates of the ftiquency-response function is derived”
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.
for the case of stationary Gaussian ~ processes. The results
obtained therein indicate that the statistical reliability of the esti-

. mates obtained for the frequency-response function (~(m) or ~(m))

depends upon the three basic quantities: the sample size n or xnniber
of readings, the nuniberof frequency potits at which estimates are
derived m, and the coherency function fi(m) between the measured
input and the masured response. Figure 15 is based on the results of
reference 12 and gives the w-percent confidence bands for the qpantity

*E1 = 100
Ik(m)l - lH(a))l

lH(m)l

which is the percent error in the amplitude of the

(31)

freq-cy-response
function and for the.q-ti@ E2, the error in @e phase angle. These

qwtities permit the establishment of the interval within which the
amplitude and phase angle for the true frequency-response function H(m)
will probably Me. For example, for n = 1,~, m=60,ti F=O.90J

●
the percent error El in the amplitude is +~~ percent. Thus,

with a probabilt~ of 90 percent.. It follows from e~tion (32) that
the associated x-percent confidence band for the true value of the
amplitude of the frequency-response function H(u) is given ~

0.87l~(u$l < lH(m)lc 1.17lH&(a)l (33)

Llheconfidence band for the phase angle may abo be obtained fknn fig-
ure 15 and is given by the interval defined by the measured phase angle
plus and minus Ep, the value obtained from figure 15. For n = l,CYJO,
m = 60, and 72 = O.~, E@ = tO.15 radian.

Examination of figure 15 indicates that, for a given sample size n
and a given value of m, the percqnt error and thus the width of the con-
fidence bands increase rapidly as the coherency decreases. For e~h,
fof n = 1,~ and m + 60, the percent error in amplitude ticreases
from about *15 percent for ~ = O.gO to W percent at ? = 0.50 and
to Ho percent at ~ = 0.25. Sindlarly, the confidence band for the
phase ang@ increases from about M. 15
*0.75 radim at 72 . ().~. w, the

. results is strongly de@endetitupon t@

U

radian at fi= O.gO to -
statist~csl reliability of the
@vel of the.,coherency function.
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EFFECTS OF NOISES ON FREQUENCY-RESPONSE FUNCTION ESTIMATES
.

1

The effects of
the input x(t) or

.

Elemnt- Cases of Noise

the presence of noises in the measured quantities,
the response z(t), on the spectra, cross-spectra,

coherency functIons, and t- estimates-of the fr&que~ functio~ wi12”
be examined in this section of the paper. The basic approach to be
used till consist of considering the input and output x(t) and z(t)
to be contaminated W a random noise n(t). Thus, the contaminated
qwtlties me given by

x’(t) = x(t) + nl(t)

z’(t) = z(t) + w(t)..
}

(34)

where nl(t) and ~(t) -e used to designate a random noise in the — .
input and output measurements, respectively. The average effect of these

.

noises on the various quantities
3

be exmalned by substituting the con-
taminated quantities of e uation ( ) for their uncontaminated counter-

?
8

parts in equations (27), 28), and (2g).

Two elementary cases of noise contmlnation and their combination
are first considered in this section. These cases =e defined by the
following sketches:

..

x(t)

r

H z(t)

J

x(t)~z(t z!(t) = z(t) + n2(t)

n(t) x’(t) = x(t) + nl(t) %(t). .

(a) Noise inmea~ured input (b) Noise in measured output

Case (a): Noise in measured input.- If “theinput is contaminated
by a mndom noise ~(t), the following relations exist between the

spectra anU.cross-spectf%

o+)) =

involving x(t) and x’(t):

[ml(u)lox(~) + onJu) + 2R @ (35).—
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.

.
(36)

where the double subscripts are used to designate the respective cross-
spectra and R designates the real part of the complex qpantity. ThusS
both the input spectrum and the cross-spectrum are contaminated ~ noise
terms. !Ihefrequency-response function est-tes based on the contami-
nated input xl(t) will in turn yield

%z(~) + %~z(d
E+) =

[
ox(m) +QD) +=4mJuq

(37)

(38)

It is clear that in both cases the estimates of the frequency-response
function are contaminated by noise terms but the noise affects each
estimate in a different manner. In each case, the degree of contamina-
tion depends upon the noise level and its relationto the input. For
the special case of noise which is ticoherent to the tiput oml(~) = O J

( )
a simpler result is obtained and this case Is of particular interest.
For this case, only the input spectrum Is contaminated; thus

I%(LD)12

H&D) =

(39)

(40)
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If (&(u)) <c q(l)),
.

.

(41)

Thus, the degree of contamination at the various frequencies Is pro-
portional to the noise-to-signal ratio In b@h cases but is twice as
large in the crosq+pectruq case as in tQe spectm.zmcase. Mth esti- .

.

mates tend to underestimate the ampllt@e of the frequency-response
functions. However, the estimte of the phase obtained ~ the cross-
spectrum method is unaffected since both the real and -nary terms
are contaminated to the same degree.

The coherency function for the ge~ral case of noise in the input is ●

given by

#(u) =

which for the case of

lax.(u)+ %l.(CD)12 J

{

(42)

[ 1}
o~(u) ox(m) + ~Ja) + = @ml(a)

incoherent noise reduces to

.

#(a)= 1
%+)

l+qT

?(CD)-1- .*,
ox(u)) .

/

The reducti& in ~(u) thus depefis directly on the ratio of the noise
power to the Input si~ power.

.

(43)

.

.
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Note that from equations (~) ~ (43)

10Hal=

Thus, the coherency ratio

29

(44)

my & used directly for this case to adjust
for the distortions due to random and incoher&nt input noise. -

Case (b): Noise In measured output.- For the case of noise in output,
on3y the spectra involving the output are contaminated and the estimates
yield

pJq2 =
%(fd + %1# + q&AD)

%(4
11

axz(U))+ ~2(rlJ)
w H@)) =

~(u)) 1
u which, for the case of incoherent noise, reduces to

pJ@12= %(4 + %2(d

Ox(m)

[. 1 :

O%(m)
l%(m)12 - lH(m)12 1+-

@xz(u))
%(m)“~

~(m) = H(m)
I

(k5)

(46)

(47)

Thus for this case, the cross-spectrum methcd yields unbiased estimates
of both the amplitude and phase of the frequency-response function whereas
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the spectrum estimate of’the amplitude is distorted and overestimated
●

in proportion to the ratio of noise power-to the output signal power.
—

..— .
The coherericyfor this case ~(m) is given by

#(o) =
pxzb) + %2(UJ12

(ox(u) quJ + ‘3n2(d

which reduces in the case of a noise which
to

(48)

[ 1}
+ 2R @n2z(u)

is incoherent to the output

#(a))= 1 (4%)
@n2(m)

1+ -
0=(u))

or

%@)
72(o) s 1 - —

@z(u))
(uh2(m) << o+)) (4%)

where the coherency is reduced by the ratio of noise power to output
signal power. EI this case, also, uncontaminated esthates ~ be
recovered. Note that in this case,

(50)
H(u))= 1$(u)

IH(u)I= 7(uJ)IHJCD)I
}

Noise in lmth input and output.- lY noise nl(t) is present in
the input and noise
obtafied are:

n2(t) is present in the output, the estimates

‘z(o)+‘nJ”)+w’~(ol=ox(a));+ Onl(a)) + = [% JCD)]
I

(m
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For noises incoherent to the signals and to each other, these equations
reduce to

pIs(412=

H&(u))= %2(4

@Jd + @nJd I (52)

(53)

Equations (53) indicate that the notses ~ be self-balancing in the
spectral case whereas only the input noise affects the cross-spectral
case.

JY significant noises are present inhoththe input and output,
the coherency function is given by

which, for the incoherent case, reduces to

1

‘(”)= E+*I[+*I

(55)
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p(u)) -1
%Jd %@).— -—
ox(u) 0= ((D)

(50

for ~l(m) << ~(m) and %2(u) <’ @z(0), the reduction In coherency
being in proportion to the sum of the ratios of noise power to signal
po,yerfor both the Input and output.

Examination of the results given by equations (53) to (56) indi-
cates that, in the case of noise present In both the input and output,
uncontaminated estimates of H(cD) can no longer be recovered directly
frcm the contaminated estimates as was the case for only one noise.
Additional Information on the magnitudes of the two ratios of noise
power to signal power is required for such corrections. Such eup-
plementsry Information may somethes be available to permit correc-
tions for these distortions to be made. For example, certain types of
film-recoti read= errors have been studied and were found to have
rOU@ytite power spectra with root-msan-sqwm reading errors of

m—

almut 0.003 inch of film deflection. Corrections for such effects are
actually ex@ored subsequently in regard to the results given in part 1. J

(It should be noted that the designation of the input and output is,
from a mathenmtical tiewpolnt, arbitrary. ~us z(t) ~ be considered
the input and x(t) the output for a reversed systeh. This procedure
mxres the noise frmn the input to the output or vice versa. However,
the results obtained for the estimates of the frequency-response func-
tion for the reversed system are equivalent to those obta- for the
direct system when the appropriate corrections for the distortions due
to noise are applied.)

The foregoing cases of noise contamination aU lead to sigutficant
reductions in the coherency function and, aside from their effects in
Introducing distortions, also lead to increased statistical.sampllng
errors as indicated IW figure 15.

Effect of Additional Gust C_nents

Some airplane responses may be affected by more than one gust.corn-
ponent. T& example, in addition to the vertical component of the tur-
bulence, the longitudinal (head-on) and side components of turbulence
my sometimes give rise to significant effects, particularly at low fre-
quencies, on the root bending strains. The following sketch indicates
the nature of the case to - considered:

.

b
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“(’)~)
+ z(t) “ +) + qt)

where xl, for exsmple, is the vertical gust velocl~; x2, the side or

head+n gust veloci~; snd ~ and ~ designate the respective

frequency-response functions for responses In z. This case wlU be
recognized as a special case of noise h the output as considered in
the previous section. For sinusoMal disturbances in xl(t) and x2(t)

at a ginn freey, the aziplilndeof the response in z(t) is given
w

z(m) = xl(a)

. where Z(CD), xl(u) , end X2(U)
tions (~) and (28) are appl.i~

El(w) + X2(O)H+) (57)

are the Fourier transfoms. E equa-

to measurements of xl(t) and z(t)

●
for the purpose of estimating Hi(m), the following ~ressions for the
estimates of the frequency-response function ere obtained:

(59)

TINM, both methods lead to contaminated esttites of HI(0). Other methods

of esttiting the frequency response functions are feasible but require .
additional study. .

For the special case of isotropic
results reduce to

I%(u)12=H1012+10

turbulence &1x2(u) = O, the

%@)
q7aTl@12 (a)
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F& (u)) = H1(u)

Thus, the spectrum case yields biased est~tes

an EuIKnlntthat depends upon the product of the

cross-spectrum method yields an

(61)

which are tOO ht@ by
%@)

ratios of
p

unbiased est=te

is clearly to be preferred tier these circumstances.

The coherency fiznction 72(0) for this case is given ~

and

which in the incoherent case, which applies to isotropic turbulence,
reduces to

Thus, in order to insure high coherency, It is necessary that

(63)

(64)

—.

.

or that the predcininantpsrt of the response in z(t) arises from the
disturbance xl(t)” ,

.-
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.

Two-DimensionsJ-Turbulence

. If the vertical tmbulence v=ies across the airplane span or is
tw&ddmensionsl w(t,y) end equations (~) and (2$) are applied to
measur-nts of a re8ponse z(t) and the gust input measured at a point,
for exsmple, on the airplane center line w(t,O), then serious distortion
b the estimates of the frequency-response function ~ be introduced.
AS indicated in reference 8, the estimates lH~(m)12 and H&) in this

case are defined by

and

J’
b/2

@w(@,y) H(u,y) dy

He(a) =
-b/2

%(~,o)

(66)

where

b airplane span

4W((13,,) cross-spectrum between vertical-gust velocities at sta-
tions o and y

%(%Y2-YJ cross-spectrum between gust velocity at span positions yl

and y2 for Isotropic turbulence

H(m,y) influence frequency-response function designating the air-
plane res~onse to unit sinusoidal gusts at station y

Thus, for the case of two-Mmensional turbulence, equations (65) and (66)
yield average forms of the influence-type function H(@,y) where the
averaging differs in the two cases and depends upon the span, the gust
spectrum, and the -iations with y of the influence functions H(u)}y).
It is clear that, if spsmise variations in turbulence exist, the esti-
utes for the frequency-response function H(m) for gusts uniform across
the span can be seriously distorted.

A rough estimate of the effects of these spanwise variations in tur-.
bulence on the estimates of. H(m) was derived in reference 8 and is

.
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.
repeated herein In order to indicate the order of magnitude of the dis-
tortions that ~ be expected from this source. For this purpose, It is - ““‘<
assumed that

H(a),y)=

where H(u) is the response to unit

H(m)r(y) (67)

sinusoidal gusts that are uniform
across the span and I’(y) ~ be tiewed as a span-position weighting

(f

b/2
factor

)
-b2r’(Y)w=l. This assumption is an oversimplification

but serves Jl” present purpose of assessing the mgnitude of the s -
wise effects. r~stituting equation (67) into equations (e) - 66) - _
yields

(66)

where

rib/2 rib/2 1

J-b;2 J-b;2 ‘@y@lP’(ww2) % ~2
Flqm) = I

Ow(a,o)

J

b/2
o+,y)r(y) w

-b/2
@Ju),o) 1(69)

The quantities ~l(a) and ~2(u)) given by equation (@) were evaluated.
for en assumed spectrum for Isotropic atmospheric turbulence and a mii-
form variation of r(y) on the basis of results given in reference 13.
A value of 0.1 was asswed for the ratio of the d.rplane span b to the

. scale-of turbulence L. The results obtained are shown in figure 16 and
are an indication of the distortions In estimating H(m) due to the
spanwlse variations in turbulence that ~ be ~ected for the two methods.
Note that phase estimates obtainedby the-cross-spectral.method =e not
affectedly the spanwise variations in turbulence. :

— --

.
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me res~ts shown in figure 16 for ~l(m) and ~2(u) WSrS applfed

to the estimates of the fre~ncy-response function for the center-of-
gravity normal acceleration obtained by the spectrum and cross-spectrum
methods (see fig. U(a) ). The ad$zsted results are shown In figure U(b).
The close agreement between the two ad$.mted results between the fre-
quencies of about 0.25 and 2 cycles per second lends credence to the
foregoing ar~nt on s- effects and @lies that the -se varia-
tions in the turbulence are the principal source of dd.storttonin the
esthates over this frequency region. At the lower end htgher fre-
quencies, other factors my also affect the estimates.

- coherencv function between the -t velocity w(t~0) ~ ~
response can be o~tained from equations 729),
given by

#(u)) = ‘*
rf(u))

l?mm the results of figure 16, it can be seen
of 1 at zero frequency and decr&ases to about
0.80 at 3 cps.

(30), ‘- (@) and 1s

(70)

that +(a) has a value
0.90 at 1 cps

More detailed information on the fiumtion H(uJy) can
not be recovered from measur-nts of turbulence restricted
but requires nmre complete messUremetis of W(t,y). If the

and to smut

unfortunately
to W(t,o)
turbulence 1s

~surid at statims –YIJ Y2J . ● . Yp ~~ the SW% for a gi~n fre-

quency the following relation applies between the Fourier transforms of
the response sad the gust inputs at the various span positions.

This relation leads to the folhwing ~ relations for the cross-
spectra between the =ious gust inputs and t- respe %, Z(U):

w~re ~fm(m) is the cross-spectrumbetween

tions yi- ‘d yk.

. principle be used in

Measurements of Owlz(0)

(7U

&

(i=l,2, . ..P) (72)

the gust inputs at sta-

ezld !lWi%(u) may h

these p linear eq=tions to solve for the

“

.
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*

p functions H(m,yk) representing the frequency-response function of
the 8y8t~ to tit sh~oidd gusts at posit~~ yk. The application of
equation (72) would presumably require long seqple times inasmuch as the

.

individual coherency functions between the gust velocities w(t,y) and
z(t) wouldbe low. Another condition on this approach is the require-
ment for significant spanwise variations in the turbulence. These varia-
tions maybe difficult to obtain in flight tests but are per~s easier
to reslize in wind-tunnel tests.

RELIABILITY (IFPRESENT !EESTRESULTS

In this section of the paper, the preceding analysis is applied h
assessing the reliabili~ of the test results of part I. For this pur-
pose, various noises believed to M present in the messuremsnts are
examined and their effeets on the coherency, power spectm, and frequency-

—

response functions are evaluated. The principal alm of this assessment
is to establish the magnitude of the possible bias or distortion Intro.
duced in the $requency-response functions and to determine their statis-

.-

tical ssmpling reliabili~.
.

The analysis Indicates that the coherency functions between the gust
input and the strain responses prtide an indication of the possible

.

presence of distotiions erlsing from noise and also control the size of
the ssmpling error. For these reasons, the discussion will ccnunencewith
an -nation of the noise sources that ~ be ~ected to yield reduc-
tions in the coherency function. It willbe helpful In reading the fol-
lowing material to keep in mind that noise in either the input or output
reduces the coherency. However, only input noises introduce distortions

,

in the frequency-response functions obtained by the cross-spectralmethod
which will be of principal concern. Estimates of the reduction in coher-

..

ency function due to various noise sources axe derived.
..

These esthates
for the coherency function are then c~ared with the values of coherency
determined directly frcm the test measurements as a check on the consistency
of this analysis with the test data. The magnitudes of the associated dis-
tortions in the measured frequency-responsefunctions and the seqpling
errors are then considered.

-.

Coherency Function

The principal noise sources giving rise to reductions in c*ncy
end bias in the present frequency-responsefunctions are believed to be
the fOllowing:



.
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(a)

(b)

(c)

lkstrument errors

Record reading errors

&traneous disturbances

(1)

(2)

(3)

(4)

Longitudhal (head-on)

Lateral (side) gusts

Spanwise variations in

Pilot control nmtions.

A crude assessment of the effects of these
indicates that each of these factors might
cent reductions in the coherency functions
frequency range of concern. The magnitude

39

gusts

vertical.turbulence

noise sources was made and
be ~ected to @eld signifi-
at least over a part of the
of these reductions in coher-

ency between the gust velocity end the various strain responses varied
somewhat inasmuch as these reductions, in general, depend upon the ratlo

. of the power spectrum of the strati response (or Input) arl.singfrom the
noise source to the uncontaminated power spectrum of the strain (or input).
Representative or average values for the percent reductions in the coher-

. en-q arising from each noise source are &own In the following table:

Estimated percent reductions in the
coherency functions by noise source

Noise source for frequencies of -

-.
<0’.3 Cps 0.3 to 2 Cps 2t03cps >3 Cps

met rument errors . . -- -------- 9
Reading errors . . . 0 0 to 10 10 to 25 2;
side gusts . . . . . 20 -------- -------- --
Head-on gusts . . . . 10 10 10 10
Spenwise gust
variations . . . . 10 5t020 2oto~ ~

Pilot control
motions . . . . . . 10 -------- -------- --

Total . . . . . . . . 50 15 to 40 40 to@ @
..

where the dashed lines indicate a negligi.bl.ereduction. Of the six noise
source,slisted in the table, three (side gusts, head-on gusts, and corrtrol
motions) are believed to affect oril.ythe output measurements whereas the
other three affect both the input and output$ and the noise in both was*

●
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.*

.

considered. The overall reductions shown In the last row of the tdble
.

sre obtained simply by an addition of the reductions due to individual
errors. It is wwth noting some of the considerations involved in
arriving at the estimates for the individual values given in the table.

.

The ixlstrument errors were generally considered to be negligible
except for frequencies Above 3 cps. As indicated by the instrunwnt
characteristics given b table II, most of,the instruments employed, -
as well as the recorders, had high natural-frequencies above 10 cps and
high damping. The frequency-response functicms for all instruments were –
thus essentially flat to 5 cps for most of the important Instruments. ‘-
Phase shifts introduced by the instruments were sufficiently small to” - ‘
be considered negligible, below 2 or 3 cps. The overall accuracy values.
quoted in table II for the mrious ~asurements are based upon static
and dynamic bench tests of the recorders. In general, the accuracies
quoted were below the levels of the reading error.

One exceptbn to this satisfactory instrument Si-tuatim is the vane
measurements of angle of attack. Measurements of the angle of attack
indicated a noticeable oscillation at *out 6 cps which qppears to be
associated with the natural bending frequency of the boom. The level .
of this oscillation was sufficiently high to mask the angle-of-attack
variations at frequencies above 3 cps for low-altitude tests and at even
lower frequencies at high altitudes. As a consequence, the high-altitude ●

gust data were not used end the low-altitude gust data are considered
suspect at frequencies above 3 cps and possibly also between 2 ~d
3 Cps. No quantitative estimates could be made for this effect, and for
this reason the .Mle shows a qmstion @k for the higher frequencies.
Fortunately, In most cases, the strain responses dbove 2 cps were small
and therefore this Umitatlon is not too serious for the luw-altitude
tests. .-.—

When the effects of reading errors me considered, estb.?atesof the
puwer spectrum and the root-mean-square value of the reading error were
obtained by determining the power spectra”bf the differences between
repeated readlmgs of sam of the present records. The results obtained
indicate that the power spectrum of the r+ng error was flat over mst
of the frequency_range with a root-mean-square value of 0.003 inch of
film deflection. This result is in agreement with results obtained in
other investigations. There was sane tidence to suggest that the method
of reading which tivolved periodic adjus-nt of a reference level intro-
duces addittonal power to the spectrum of”reading error at the luwer fre-
quencies. The _tude of the additior@. error is difficult to speci~
and appears to vary widely. Except for this condition at the very low
frequencies, the effects of reading error:can be estimated reasonably

.=

well.
-+

#

.
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The estimated root-mean-squm?e values of the reading error for the
various quantities axe summarized in teibleIV and Indicate that in ebost
all cases the root-mean-square reading error de was less than 10 percent
of the true root-mean-squexe value for the qyanttty. ~smuch as a root-
mean-square reading error of 10 percent of the true root-mean-Square value
yields only ‘a one-half percent increase in the measured root-mean-square
value, the effects of the reading error on the root-mean-sq~ values
are negligible, as can be seen fl.’omthe results of table IV. The eaqpll-
fication A shown in this table of the true root-mean-square value Utme
due to reading error indicates that in almost every case the error is less
than *out 1 percent.

Although the readdng error has a W effect on the root-mesn-square
values, the ratio of the power spectrum of the readhg error to the power
spectrum of the uncontaminated strains appeas to be stzable at the
higher frequencies I?ornmst of the measurements. The associated reduc-
tion h coherency mqy, therefore, be expected to be large at the htgher
frequencies in many cases. For the strain and acceleration measurements,
the effects of reading error appe= to be negligible over the freqmncy
region frcm O to 2 cps. At higher frequencies, these errors become more
important because of the lower power levels for the responses and the
flat character of the reading-error spectrum. A reduction of dbout
5 percent at 3 cps is estimated to arise frcm thts source. At higher
frequencies, the reduction may be ~cted to Increase rapidly.

The effects of reading errors on the gust velocity also a~ear to
be significant. The rapid decrease with frequency in the spectra of
both the gust velocity and the vane angle-of-attack emor and the low
sens~tivity of the vane (1/10 inch of film deflection per degree angle-
of-attack change) result h relatively high values for the ratios of
the noise puwer to signal power at the higher frequencies. For the vane
angle-of-attack measurements, this ratto is estimated to increase slowly
with f~quency to 0.1 at 2 cps but then it increases rapidly to 0.20 at
3 cps and to higher velues at frequencies above 3 cps. ~ values given
in the preceding tale represent estimates of the ccwiblnedeffects of
the reedlng errors in the input end output measurements.

The airplene wingstrain responses to side gusts and head-on gusts
can normally be ~ected to be mall =cept at very low tiquencies.
(For isotropic turbulence, which approximates atmospheric conditions,
the strains from these sources can be

7
ected @ be Incoherent wl.th

the strains arising from vertical gusts. For the side gust case,
significant strain responses may be excited in the neigliborhoodof the
Dutch roll.mode of the airplane which, in this case, was centered at
about 0.16 cps. These effects can be ~ected to be more pronounced
at the outboard stations. The airplane strain responses to head-on

T gusts sre likewise generally small except possibly at frequencies in the

.
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neighborhood of the airplane phugoid oscilJatlon. Rough estimates of
w _itude of ~ese responses were used-with e~tion (63) to ~ive .. ----
at the estimates shown in the foregoing tale.

The effects.of spanwise variations in the turbulence on the stratis
are difficult to evaluate accurately. The crude analysis developed for
the spanwlse effects is, however, believed to yield estimates of at least
the order of magnitude of these effects on the coherency between the ver-
tical gust velocity and the strain and acceleration responses. The tiue
in the table is based on the results in figure 16md equation (70).
These esthates should appl.ybest to the root strains and center-of-gravity
acceleration because of the asswptio~ in t~fr deri~tfon- In addition~ _
an arbitrary value of 10 percent is given .@ the table for the very low
frequencies to account for the contributions to the strains arising from ‘- ‘--~
asymmetries in the vertical turbulence.

The effects of control motions were evaluatedby an examination of
the records obtained with the control-position recorders. In the overall,
the pilots made ~eqmnt use of the control surfaces during the gust
tests. The control motions were largely restrictedto a few aileron con-
trol movements, presumably to correct for deviations in the airplane roll “
attitude. These control motions were, in general, slowly applied and are
not believed to affect the coherency functions at frequencies above
3/10 Cps,

. .-—
-—

In arder tudetermine how well the faregoing esthates appmximte
the actual conditions, figure 17 shows a comparison of representative
coherency functions obtained directly from the test measurements with
those givenby the results of the foregoing table. Figure 17 shows the
measured coherency function between the gust input and the outputs of
normal acceleration and strains at two stations. For this cqison,
a moth c~e was used to approximate the variations of the chency ,,.-.
flmction with frequency givenby the tale. In general) the estimates
derived appear to approximate the general &aracter of the measured
results with a low coherency below 0.30 cps, a relatively hi@ Coherency - ‘- “-
level of 70 to 90 percent between 0.3 cps “Wd 2 cps, and a rapid reduc-

..

tion at the higher frequencies. This consistency implies that the notse
structure in the measurements has been approximated reasonably well by
the analysis. The distortions introduced in the frequency-response
functions by this noise structure are considered next.

... . .. .

Distortions unmeasured Frequency-ResponseFunctions

The analysis of the contributions of the various noise sources to
the reduction in coherency provides abasis for estimating the bias or
distortion in the frequency response arising from these noise sources.

● ✍



w TN 4291

The analysis
introduce no

43

has indicated that incoherezrt noise sources in the output
significant distortions in the cross-spectrsl estimates of

the frequency-response function. Thus, it ~ be ~ected that effects
of side gusts, head-on gusts, and control motions do not significantly
affect the frequency-response functions obtained by the cross-spectrum
method. This conclusion is particularly applicable to frequencies above
0.30 cps, where present concern is centered, and is perhaps s@Ject to
same question at lower frequencies.

The remaining three sources of noise, instrument errors, reading
errors, and spemlse gust variations, do however affect the input meas-
uranents and, on the basis of the preceding analysis, may be ~cted
to introduce distortions in the esthated frequency-response functions.
The principal.source of instrument error was associated with the effects
of vibrations of the boom on the angle-of-attack measurements. No quan-
titative measure of the distortions due to this source could be given
although it does not appear likely that these vibrations yielded any
appreciable error at frequencies below 2 cycles per second.

The reading errors in the gust determination and sparwlse variations
of turbulence appe~ to give rise to significant distortions in the esti-
mated frequency-response functions. Based on the snelysis of the reduc-
tions in the coherency function given in the table, it is estimated that
the amplitudes of the frequency-response f’uctioqs obtained by the cross-
spectral method are too low by the percentages given in the follcming
table for the two sources:

Percentage error in amplitude

Source for frequencies of -

<0.3 Cps 0.3 to 2.0 Cps 2.0 to 3.0 Cps

Reading errors . . . . . . . 0 Otolo 10 to 20
Spanwise gust variations . . 0 5 to 20 20 to 30

Total . . . . . . . . . . . o 5 top 30t050

These values are crude est~tes but are believed to approximate the
actual situation, at least for frequencies between 0.3 and 2 cps. At
frequencies between % W 3 cps, the strain responses are, in general.,
very low and thus the large underest~tion is not too important. These
esttites of the distortion should be applied to the present results
(figs. W and 13) in order to nuke direct qusmtitatin ccqarisons with
results obtained in other studies. It is felt that these distortions
apply Aout equally well to the acceleration responses which are used



.

as reference conditio~j thus, these distortions do not affect internal
comparisons aimed at establishing the magnitude of the flexibility effects. _

*

The distortion in estimates of the frequency-response function
obtained ~ the s~ctral method mey elso be derived on the basis of the
preceding lwlalysis. These distortions, in general, would appear to be
larger for the spectrum case, particular~ at low frequencies, Inasmuch
as the distortions arising from side gusts, head-on gusts, and control
nmtions would have to be considered in greater detail. In addition,
reaMng errors in the outpti measurements @J.1 also give rise to dis-

—

tortion in the spectrum case whereas h the cross-spect~ case no dis- . _
tortion due to this source occurs. El%elarger distortions and the dif-
ficulty of estimating their magnitudes accurately In the spectral method
contribute to making this technique a less ~atisfactory one than the
cross-spectral technique. .

The results of figure U(b), In which the estinwbes of the frequency-
response function obtilned by the two methods are ad@ted for effects of
the spanwise variations in turbulence, show good agreement between fre-
quencies of O.x cps to 2 cps. This good agreement implies that the

--—

spanwise variations in turbulence eme the principal sources of noise
-..

error in this frequency region. The discrepancies at both lower and
higher freqwncies in figure U(b) - attributed to the effects of the
lateral motions and pilot control motions for the low frequencies and

-.-

the effects of reading errors and instrument errors, particularly In
the input, for the very high frequencies. — — ..—

Statistical Sampling Errors

In order to estimate the statistical reliability of the measured
frequency-responsefunctions, the measured coherency ftmctions sad the
charts in figure 15 were used to derive go-percent confidence intervals _
for the frequency-responsefunctions. Figure 18 illustrates typical
results obtained and shows the confidence bauds for the center-of-gravity
accele=tion response and the bending-strain response at the front spar
at station 54. Exemlnation of fIgure 18 indicates that, except for the
very low and very high frequencies, the emp~ltudes ~e reliable to within ~
about *2O percent of the measured value. At the extreme frequencles
(below O.x cps and above about l.&) cps) the amplitudes are far less
reliable because of the lower cbherency at these frequencies and In so&

.-

cases are, h fact, so large as to suggest that reliable estimates cannot
—

be obtained in these frequency regions. The phase angle~ also appear to
be very reliable with the confidence bands less than +10 about the meae-

.—

ured values for frequencies between about O.~ and 2 cps. At the higher
and lower frequencies, the confidence bands-for the phase angle are also
considerably increased because of the lower coherency.

-—

*

.



A further verification of the statistical reliability of the present
results is indicated ~ the consistency of the results obtatied from t@
independent estktes made from the * 2-tiute samples as iJJw&ated
by the results for the center-of-gravity acceleration shown In figure 14.

COMMENTS ON RANIMM-PROCESS TECHNIQUES OF

FREQUENCY-RESPONSE D~TION

A few comments a~ear to be warranted on the mndom-process tech-
niques as employed in this study for the determination of airplane
frequency-response functions. The results obtained in the present study
indicate that reasonably reliable frequency-response functions for air-
plane responses to rmgh air may be obtained fhm fdJ_-scale flight
tests in continuous turbulence. Two nA2mds were employed for this
purpose - the s~ctml msthod and the cross-spectral method. W cross-
spectral method defM&ly appears to be preferabl.e,inasmuch as the
results obtained with this method are affected less @ extraneous dis-
turbances, particularly disturbances tiectimg the output measurements.
These are of particular significance for atnmspheric turbulence problems
inasmuch as the lateral and longitudinal components of turbulence are
always present. In addition, only the cross-spectral method provides
phase information.

The analysis indicates that great care is required in the applica-
tion of random-process techniques in frequency-= sponse determinations
and in the interpretation of the results. Extraneous noises mqr seri-
ously affect the reliabili~ of the results by introducing distortions
and by Umlting the statistical reliabili.@ of the results. ti the
present investigation, the “significantnoise sources were reading errors,
extmmeous gust conpnents, spanwlse variations In turbulence, and pilot
control mtions. For the lower frequencies, which were of p-ic~
concern in the present investigation, these noises did not give rise to
serious distortions. IiIaddition, it a~ars possible to estimate the o

_itude of the ~stortio~ ~ to correct for them by using the methods
developed hereti. For the higher frequencies, the effects of these noises
were more serious and, in fact, dld not permit reliable results to be
obtained. Fortunately, the higher frequencies were of only minor concern
in the present study.

Ii.uprovemntsin the reliabili~ of the results can be obtained by
a number of precautions. These include @rovements in instrumentation,
particularly in reg- to increased sensitivity and adequate frequency
response. Efforts to obtain more intense levels of gust input disturb-
ance will also be beneficial. The statistical sempldng errors do not
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appear to W too Berious a difficul~. In.the present investigation,
.

smples of 2-minute duration lead to statistical or ssmpling uncertainty
of about 10 to 20 percent for the lower frequencies. !l%emagnitude of
these uncertainties can, of course, be reduced by either longer sampling

.=

durations, achievement of higher coherencies, or by averaging esttites
over a wider frequency band.

.

The results obtained in the present investigation suggest that the
use of random disturbance inputs ~ also prove to be practical in exper-

.—

imental frequency-responsedeterminations ~or responses to other types ,_ ~
of disturbances than gust disturbances; for example, control surface
motions end acoustic disturbances. The use of random inputs for these
purposes cm prov3de substxmtial reduction in testing t- when compared
with conventional techniques involving sinusoidal inputs. As compared

.

with discrete pulse techniques which sre frequently used for this purpose,
the random-input techni~es appear to provide equivalent levels of
accuracy. In addition, they msy offer a ntiher of practical advantages.

..

These include the ability to control the effects of extraneous disturb-
ances and a nmre realistic representation of the character of actual
distur~e functions met in practice. —

.

COM!LUDINGFtEMmm

The foregoing analysis of the strain responses of a large swept-
wing airplane in rough air has indicated t~t thq ,@ng-@nd$ng and shear-
strain responses at the various stations are amplified by rather large
amounts because of the dynamic responses of the structure. The allmunt
of amplification in the bending strains was_-about10 to 20 percent at
the root stations but increased to values in excess of 100 percent in
sam cases at the midspan stations. The shear stmins showed a similar
pattern across the airplane span but also indicate larger variations
between the front and rear spar stations. _~e large variations in strain
responses across the airplane span indicate that the strain distributions
in gusts are very different under rough-air load$ng conditions than tier -
the USual mneuver loadings end warrent detailed and separate consiclera- _
tion in design. h general, the predominant source of strain amplifica-
tion was associated with the excitation of & fundmmltal Wing-bending
tie. Ikwever, at the outboard stations and particularly in the case
of the shear strains, significant contribute-onsto the strains arise
from the higher symmetrical and antisynmetricalvibration ties. Thus,

. the effects of these hi@er -hmdeson the>tralns may also have to be con-
sidered in stress calculations, depending u~n the degree of accuracy
required. .

A detailed analysis of the reliabili~ of frequency-response func-
tion estimates obtained by random-process techniques, particularly as

.
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.
affected by extraneous noise, was given. The effects of such noises in
gim rise to systematic errors or distorticms d random sampling errors

. were ex@cmed end results of general applicability obtained. These
results were also applied to the present test data in order to establlsh
their reliabili~ and to derive adjustments for the distortions. Tha
important result obtained is the indication that with appropriate pre-
cautions flight tests in rough air of a few nrlnutesduration my be used
to obtain reliable estimates of airplane frequency-response functions.

Langley Aeronautical Laboratory,
National Advisory Conmittee for Aeronautics,

Iangley Field, Va., Mrch 18, 1958.
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TABLE I

PERTINENT PHYSICAL ~TICS AND

DIMENSIONS OF TEST AIRPIANE

Total wing area, sq ft . . . .
Wing span, ft....... ●

Wing aspect ratio . . . . . ..,
Wing thickness ratio, percent
Wing taper ratio . . . . . . .

.

.

.

.

.

W~ me-a aerodynamic chord, in.
Wing swee~back (25-percent-chord

. .

. .

. .

. .
● ✎

✎ ✎

.

.

.

.

.

.

.

.

.

.
●

✎

● ✎

● ✎

✎ ✎

✎ ✎

✎ ✎

✎✌

line ), deg
Total horizontal-tail area, sq ft . . . . .
Horizontal-tail span, ft . . . . . . . . . .
Horizontal-tail man aerodynamic chord, in.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
●

✎

✎

✎

✎

.

.

.

.

.

.

.

.

.

.

Horizontal-tail sweepback (25-percent-&xrd line),
Airplane weight:
Fortests at5j”OOOfeet, lb . . . . . . . . . .

.
●

✎

✎

✎

✎

✎

✎

✎

✎

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
deg .

. . .

Fortests at3~, COO feet, lb . . . . . . . . . . . . .

.

.
●

✎

✎

✎

✎

✎

●

✎

✎

✎

✎

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
●

●

✎

✎

✎

✎

1,428
116 -

9.43
12

0.42
155.9

-— .

35
268
33

102.9
35

113, m
11.2,000

.
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TABLE 111

STRAIN INDICATION PER g AS ~ IN

SIOWPUIL-UPS IN SMOOTH AIR

Eo, strain indication per g for -

wing
station spar Bending strain at - Shear strain at -

5,000 ft 35,000 f% 5,0W ft 35,000 ft

pk Front 0.47 0.54
*

0.15 ----
Reax .81 ●97 .50 0.53

252 Front ● 45 .60 ---- ----
252 Reax .43

●55 .19 ●29

414 Front .42 :% .32 .42
414 Rear .51 .16 .20

572 Front .18 .26 .43 ●53
572 Rear .25 .36 .16 .21

9

.
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TABLEIv

AMPLUICATIOII CIF RooT-lmAN~ mum m To mmD REmm$ MRaRs

, w

‘e at -

Percent
loo— ~klf~catlon,

hamuement station ‘law laM at-
a al

. 5,000 m 35Jm H 5,m H 35,000 H

9 Front 4.3 8.6 0.09 0.37
5J+ ~mt 2.5 4.6 .03 .I1
252 3.8 4.6 .07 ::
252 3*9 4.9 .08

Btmxln 414 lhmnt 2.5 3.5 .03 .06
414 2.5 3.4 .03 .06

Front U*7 u.8 .P
% Rear 9.5 7.4 :E .27

* Front 6.6 ----- 0.22 ----

* Rear 3.3 K1..3 .W 0.64

252 Front ---- ---- ----

Shear 252 Rear 11..9 7.1 -;j .25

Btrahl 414 mmnt 3.5 9.4 .44
414 Rear 5.6 8.I. .13 ●33
572 3.2

572 Rem 11:; 8.8 l% :$

Acceleration center of gravity 2.6 5.0 0.03 0.11
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Figure 2.- Three-view drawing of test airplane.
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